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Abstract 
 
 A new set of mathematical equations describing overflow metabolism and acetate 
accumulation in E. coli cultivation is presented. The model is a significant improvement of 
already existing models in the literature, with modifications based on the more recent concept 
of acetate cycling in E. coli, as revealed by proteomic studies of overflow routes.  This concept 
opens up new questions regarding the speed of response of the acetate production and its 
consumption mechanisms in E. coli. The model is formulated as a set of continuous 
differentiable equations, which significantly improves model tractability and facilitates the 
computation of dynamic sensitivities in all relevant stages of fermentation (batch, fed-batch, 
starvation). The model is fitted to data from a simple 2 L fed-batch cultivation of E. coli 
W3110M, where twelve (12) out of the sixteen (16) parameters were exclusively identified 
with relative standard deviation less than 10%. The framework presented gives valuable insight 
into the acetate dilemma in industrial fermentation processes, and serves as a tool for the 
development, optimization and control of E. coli fermentation processes.  
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1.0  Introduction 
One of the most embattled physiological phenomena in industrial scale E. coli cultivation is 
overflow metabolism and the associated excretion of acetate into the broth. Apart from the fact 
that extracellular acetate inhibits the growth of E. coli [1], redirection of the carbon source to 
acetate through overflow metabolism is wasteful in recombinant protein production processes 
[2]. The concept of overflow metabolism in E. coli is not new and a number of models in the 
literature have attempted to describe acetate production mechanistically [3–7]. In all these 
models, the acetate profile is presented in two distinct phases: an initial batch (overflow) phase 
during which acetate is produced, followed by a substrate limited phase during which acetate 
is consumed. Most of these models assume saturation of TCA cycle enzymes and are mainly 
built on discrete conditional statements in the metabolic routes [4,8]. Although these models 
suffice in describing acetate profiles during E. coli cultivation, a major limitation is the 
discontinuous nature of the functions (e.g, if qO < qOmax, then qA = 0 [8]), which makes further 
mathematical development and the use of sophisticated simulation and optimization 
programmes difficult. Furthermore, new evidence suggests that acetate conversion is indeed a 
continuous process. Peebo et al. [9] and Valgepea et al [10] used advanced proteomic analysis 
[9,11] and systems biology approaches [10] to show that intracellular production and re-
assimilation of acetate (acetate cycling) is a continuous process in E. coli metabolism, even 
under non-overflow conditions. Two intermediates of this cycling process (Acetyl-AMP and 
Acetyl-P) were shown to play vital roles in E. coli motility and osmoregulation [1,12]. Thus, 
acetate excretion into the extracellular medium only results from an offset of the equilibrium 
between its production and re-assimilation, which is triggered by carbon catabolite repression, 
either at higher specific substrate uptake rates [11,13] or under anoxic conditions [11]. 
Therefore, a new mathematical representation is needed for model-based process development, 
which i) copes better with the real acetate conversion process in E. coli and ii) fulfils the 
requirements for gradient based algorithms and solution of partial differential equation 
systems. 
 
1.1 Glucose partitioning and acetate cycling in E. coli  
The mechanistic models of Xu [4], Lin [5]  and Neubauer [8] are among the most widely used 
macro-kinetic models for description of E. coli fermentations. These were built on the concept 
of glucose partitioning which was initially developed for Saccharomyces cerevisiae [14], and 
was shown to be equally applicable to the E. coli system [15].  
 
 
 
Figure 1 (A) Glucose partitioning and oxygen usage in E. coli. Scheme for flux distribution used to 
model glucose (S) and oxygen (O2) usage in E. coli [4,5] with modifications showing acetate (A) 
excretion and re-assimilation across the cell membrane. (B) Enzyme-mediated acetate cycling in E. 
coli, with summaries of the glucose uptake system and upper glycolytic routes, adapted from Valgepea 
et al. 2010 [10], Li et al. 2014 [40] and Enjalbert et al. 2016 [32]. POXB—pyruvate oxidase, ACS—
acetyl-CoA synthetase, PTA—phosphotransacetylase, ACKA—acetate kinase.  
The structured model covers the intracellular partitioning of glucose for various physiological 
demands of the cell and the associated oxygen consumption (Figure 1 A). Additionally, the 
subsequent conversion of glucose to acetate through the overflow route is based on the ethanol 
process in S. cerevisiae. The large set of metabolic routes are approximated by lumped kinetic 
parameters, the values of which are estimated from measurable extracellular species in typical 
cultivation set-ups. Nevertheless, Valgepea et al. [10], Peebo et al. [9], and Martinez-Gomez 
et al [16] showed that E. coli uses a continuous acetate cycling system for acetate conversion 
(Figure 1 B). Under typical cultivation conditions and at low glucose uptake rates, acetate 
production is in equilibrium with its re-assimilation (pA = qsA), hence there is neither net 
accumulation nor release of acetate into the extracellular medium. As the inflow of glucose 
into the cell increases, acetate consumption through the ACS pathway (acetate consumption) 
becomes insufficient, hence there is an offset in the cycling equilibrium (pA > qsA), which 
results in intracellular accumulation of acetate followed by its excretion into the medium. This 
cycling system can be represented by a set of continuous equations that describe overflow as 
an off-set of the equilibrium between pA and qsA.  
In the current paper, the concept of acetate cycling is used to derive a set of tractable and 
continuously differentiable equations at macro-kinetic scale to describe acetate production in 
E. coli. This new set of equations allow a cheap computation of both first and second order 
sensitivity functions, which are needed in gradient-based methods for optimal experimental 
design [17,18] and process optimization [19]. Finally, the model is validated with data from 
fed-batch cultivation of E. coli W3110M to show its applicability in real processes. 
2.0 Materials and methods  
2.1 Strain and cultivation conditions 
The data for model calibration was obtained from a fed-batch culture of non-recombinant E. 
coli W3110M. The cultivation was conducted at a temperature of 37 oC and at pH of 7.0 in a 
3.7 L BioEngineering® bench top bioreactor fitted with a polarographic dissolved oxygen 
probe. The medium consisted of mineral salts and trace elements, as described by Glazyrina et 
al [20], with 5 g/L glucose in the batch phase. To start the batch phase, 2 L of medium was 
inoculated wit E. coli W3110 to OD600 of 0.1. The fed-batch phase was initiated with a 300 g/L 
glucose feed at the exhaustion of the batch phase glucose, signalled by a sudden rise in 
dissolved oxygen tension. Two fed-batch regimes were implemented: an exponential feed 
followed by a constant feed. The exponential feed was implemented to maintain a set-point 
specific growth rate (µset) of 0.22 h-1. Using the biomass concentration (X, g/L) and broth 
volume (V, L) at the end of the batch phase, the exponential feed rate (F, L/h) was calculated 
as 
 
  𝑭𝑭(𝒕𝒕) = 𝝁𝝁𝒔𝒔𝒔𝒔𝒕𝒕
𝒀𝒀𝒙𝒙 𝒔𝒔⁄ 𝑺𝑺𝒊𝒊
(𝑿𝑿𝑿𝑿)𝒔𝒔µ𝒔𝒔𝒔𝒔𝒕𝒕𝒕𝒕      (1) 
 
where Si represents the glucose concentration in the feed solution (300 g/L) and t is the feed 
time. After 3 hours, the feed was switched to a constant feed, beginning at a specific growth 
rate of 0.11 h-1 for a period of 17 hours. To test the robustness of the acetate equations, 
intermittent glucose pulses were given in the constant feeding phase, and the corresponding 
response in all profiles were modelled. Cellular growth was monitored by measuring the optical 
density of samples at 600 nm in a UV-vis spectrophotometer (Novaspec III, Amersham 
Biosciences, Amersham, UK). Conversion factors that were developed with the same 
spectrophotometer and the same E. coli strain and given in Glazyrina et al [20] were used to 
convert OD600 values to cell dry weight.  
 
2.2 Analyses 
 To determine the concentration of residual glucose and acetate, hourly samples were analysed 
on an Agilent 1200 HPLC system, equipped with a HyperRezTM XP Carbohydrate H+ column 
(Fisher Scientific, Schwerte, Germany) and a refractive index detector. As eluent, five mM 
H2SO4 was used at a flow rate of 0.5 mL min-1. In total, Nm = 19 data points were collected and 
analysed for each observable variable i.e., biomass (X), glucose (S) and acetate (A), whereas 
Nm=11336 data points were logged online for measured dissolved oxygen (DOT). 
2.3. Parameter estimation 
The E. coli model in Section 3 was solved using Matlab R2015a® with the CVODE integrator 
from SUNDIALS TB [21]. The parameter estimates (PE) were computed using lsqnonlin with 
the trust region reﬂective algorithm. The initial parameter values for PE were based on 
literature [4,5,17]. The initial values for the search in the parameter space were generated using 
the Minimum bias Latin hypercube design (MBLHD) [22]. The dynamic model can be written 
in its general form as follows,  
?̇?𝑥(𝑡𝑡) = 𝑓𝑓(𝑥𝑥(𝑡𝑡), z(t),𝑢𝑢(𝑡𝑡);𝜃𝜃)   (2) 0 = g(𝑥𝑥(𝑡𝑡), z(t),𝑢𝑢(𝑡𝑡);𝜃𝜃)   (3) 
𝑦𝑦𝑂𝑂𝑂𝑂(𝑡𝑡) = A 𝑥𝑥(𝑡𝑡)    (4) 
𝑦𝑦𝑂𝑂𝑂𝑂(𝑡𝑡) = B 𝑥𝑥(𝑡𝑡)    (5) 
𝑥𝑥(𝑡𝑡0) = 𝑥𝑥0     (6), 
 
where the set of differential equations 𝑓𝑓 corresponds to Equations 12, 14, 18, 22 and 24 whereas 
the algebraic equation set 𝑔𝑔 refers to Equations 13, 15-17, 19-21 and 23, 𝑡𝑡 ∈ [𝑡𝑡𝑜𝑜 , 𝑡𝑡𝑒𝑒𝑂𝑂𝑒𝑒] ⊆ ℝ is 
the independent time variable, 𝑥𝑥(𝑡𝑡) ∈ ℝ𝑁𝑁𝑥𝑥   and 𝑧𝑧(𝑡𝑡) ∈ ℝ𝑁𝑁𝑧𝑧 are the differential and algebraic 
state variables, respectively; 𝑢𝑢(𝑡𝑡) ∈ ℝ𝑁𝑁𝑢𝑢 are the time-varying inputs or experimental design 
variables and 𝜃𝜃 ∈ ℝ𝑁𝑁𝑝𝑝 is the unknown parameter vector. The vector 𝑦𝑦𝑂𝑂𝑂𝑂(𝑡𝑡) ∈ ℝ𝑁𝑁𝑁𝑁𝑂𝑂𝑂𝑂 are the 
predicted offline response variables (variables corresponding to sampled measurements) whose 
elements are defined by the selection matrix 𝐴𝐴 ∈ ℝ𝑁𝑁𝑁𝑁𝑂𝑂𝑂𝑂×𝑁𝑁𝑥𝑥. The vector 𝑦𝑦𝑂𝑂𝑂𝑂(𝑡𝑡) ∈ ℝ𝑁𝑁𝑁𝑁𝑂𝑂𝑂𝑂 are 
the predicted response variables measured online (i.e., oxygen) whose elements are defined by 
the selection matrix 𝐵𝐵 ∈ ℝ𝑁𝑁𝑁𝑁𝑂𝑂𝑂𝑂×𝑁𝑁𝑥𝑥. Note that not all states were measured, therefore 𝑁𝑁𝑦𝑦𝑂𝑂𝑂𝑂 +
𝑁𝑁𝑦𝑦𝑂𝑂𝑂𝑂 < 𝑁𝑁𝑥𝑥.  
The model parameters were estimated by solving the optimization problem 
𝜃𝜃� ≔ arg min
𝜃𝜃
Φ(𝑈𝑈,𝜃𝜃)       (7) 
where the cost function Φ(𝑈𝑈,𝜃𝜃), which is the weighted nonlinear least-squares criterion 
between the model predictions 𝑌𝑌(𝑈𝑈,𝜃𝜃) and the experimental data 𝑌𝑌𝑚𝑚 was calculated as 
Φ(𝑈𝑈,𝜃𝜃) ≔ 1
2
(𝑌𝑌(𝑈𝑈,𝜃𝜃) − 𝑌𝑌𝑚𝑚)𝑇𝑇 �𝐶𝐶𝑁𝑁�−1 (𝑌𝑌(𝑈𝑈,𝜃𝜃) − 𝑌𝑌𝑚𝑚)  (8) 
All the measured data were collected in the vector 𝑌𝑌(𝑈𝑈,𝜃𝜃),  
𝑌𝑌(𝑈𝑈,𝜃𝜃)
≔ ((𝑦𝑦𝑂𝑂𝑂𝑂1(𝑡𝑡1,𝑈𝑈,𝜃𝜃),⋯ , 𝑦𝑦𝑂𝑂𝑂𝑂1(𝑡𝑡𝑁𝑁𝑚𝑚𝑂𝑂𝑂𝑂 ,𝑈𝑈;𝜃𝜃))𝑇𝑇 , … , (𝑦𝑦𝑂𝑂𝑂𝑂𝑁𝑁𝑦𝑦𝑂𝑂𝑂𝑂(𝑡𝑡1,𝑈𝑈,𝜃𝜃),⋯ ,𝑦𝑦𝑂𝑂𝑂𝑂𝑁𝑁𝑦𝑦𝑂𝑂𝑂𝑂(𝑡𝑡𝑁𝑁𝑚𝑚𝑂𝑂𝑂𝑂 ,𝑈𝑈;𝜃𝜃))𝑇𝑇 ,        (𝑦𝑦𝑂𝑂𝑂𝑂1(𝑡𝑡1,𝑈𝑈,𝜃𝜃),⋯ ,𝑦𝑦𝑂𝑂𝑂𝑂1(𝑡𝑡𝑁𝑁𝑚𝑚𝑂𝑂𝑂𝑂 ,𝑈𝑈;𝜃𝜃))𝑇𝑇 , … , (𝑦𝑦𝑂𝑂𝑂𝑂𝑁𝑁𝑦𝑦𝑂𝑂𝑂𝑂(𝑡𝑡1,𝑈𝑈, 𝜃𝜃),⋯ ,𝑦𝑦𝑂𝑂𝑂𝑂𝑁𝑁𝑦𝑦𝑂𝑂𝑂𝑂�𝑡𝑡𝑁𝑁𝑚𝑚𝑂𝑂𝑂𝑂 ,𝑈𝑈;𝜃𝜃�)𝑇𝑇) ∈
ℝ𝑁𝑁𝑁𝑁𝑂𝑂𝑂𝑂∙𝑁𝑁𝑚𝑚𝑂𝑂𝑂𝑂+𝑁𝑁𝑁𝑁𝑂𝑂𝑂𝑂∙𝑁𝑁𝑚𝑚𝑂𝑂𝑂𝑂      (9) 
 
The weighting matrix, 𝐶𝐶𝑁𝑁 ∈ ℝ𝑁𝑁𝑁𝑁𝑂𝑂𝑂𝑂∙𝑁𝑁𝑚𝑚𝑂𝑂𝑂𝑂+𝑁𝑁𝑁𝑁𝑂𝑂𝑂𝑂∙𝑁𝑁𝑚𝑚𝑂𝑂𝑂𝑂× 𝑁𝑁𝑁𝑁𝑂𝑂𝑂𝑂∙𝑁𝑁𝑚𝑚𝑂𝑂𝑂𝑂+𝑁𝑁𝑁𝑁𝑂𝑂𝑂𝑂∙𝑁𝑁𝑚𝑚𝑂𝑂𝑂𝑂 was obtained 
from the measurement errors, which were assumed to be unbiased, independent and normally 
distributed. Therefore 𝐶𝐶𝑁𝑁 is diagonal matrix with entries given by the variance 𝜎𝜎𝑁𝑁,𝑖𝑖2  of each 
measurement 𝑖𝑖. Consequently, the observed measured responses in 𝑌𝑌𝑚𝑚 are normally-
distributed random variables, i.e., 𝑌𝑌𝑚𝑚~𝒩𝒩(𝔼𝔼(𝑌𝑌𝑚𝑚),𝑉𝑉𝑉𝑉𝑉𝑉(𝑌𝑌𝑚𝑚)), hence the expectation 𝔼𝔼(𝑌𝑌𝑚𝑚) is 
equal to the model output at the unknown true parameters values 𝜃𝜃∗, i.e., 𝔼𝔼(𝑌𝑌𝑚𝑚) = 𝑌𝑌(𝑈𝑈,𝜃𝜃∗). 
The previous assumption ensures that the solution 𝜃𝜃� of the optimization (Equation 8) is 
equivalent to the maximum likelihood estimation solution [23]. 
 
2.4.  Parameter uncertainty quantification 
To quantify the uncertainty associated with the PE, the precision of parameter values was 
assessed with the variance, relative standard deviation and the confidence interval calculated 
using a Monte Carlo (MC) method. A total of 𝐿𝐿 −replications of the experimental data  𝑌𝑌𝑗𝑗𝑚𝑚, 𝑗𝑗 =1, … , 𝐿𝐿 were generated, drawing 𝐿𝐿 − random MC samples from the normal distribution 
𝒩𝒩(𝑌𝑌𝑚𝑚,𝐶𝐶𝑚𝑚). For each data set 𝑌𝑌𝑗𝑗𝑚𝑚, the PE was repeated to obtain the point estimates 𝜃𝜃�1, … ,𝜃𝜃�𝐿𝐿. 
Then the parameter covariance matrix was computed as [23,24] 
 
𝐶𝐶𝐶𝐶𝐶𝐶�𝜃𝜃�� = 1(𝐿𝐿−1)∑ �𝜃𝜃�𝑗𝑗 − 𝔼𝔼�Θ��� �𝜃𝜃�𝑗𝑗 − 𝔼𝔼�Θ���𝑇𝑇𝐿𝐿𝑗𝑗=1      (10) 
 
where 𝔼𝔼�𝜃𝜃�� ≈ 1
𝐿𝐿
∑ 𝜃𝜃�𝑗𝑗
𝐿𝐿
𝑗𝑗=1  represents the mean of the parameter distribution. The variances of 
the parameters, 𝜎𝜎𝜃𝜃𝑖𝑖
2  were equal to the diagonal entries of the covariance matrix 𝐶𝐶𝐶𝐶𝐶𝐶�𝜃𝜃�� from 
which the standard deviations 𝜎𝜎𝜃𝜃𝑖𝑖were also calculated. The 95% confidence intervals were 
estimated using 𝜎𝜎𝜃𝜃𝑖𝑖 and a Student t-distribution.  
 
3.0 Macro-kinetic model formulation 
A significant improvement to the referenced models is the conversion of the inherently 
discontinuous systems into a continuous one that is more mathematically stable. The model 
comprises a set of ordinary differential equations (ODEs) describing six state variables, namely 
biomass 𝑋𝑋 and extracellular concentrations of substrate 𝑆𝑆, acetate 𝐴𝐴, dissolved oxygen DOTa 
and DOT, and the feed 𝐹𝐹 (which can be constant or a function of time). A set of auxiliary 
algebraic equations describing intracellular interactions relating substrate (glucose), oxygen 
and acetate consumption as well as biomass formation are coupled to the ODEs to form the 
kinetic model. 
The state variables 𝑋𝑋, 𝑆𝑆,𝐴𝐴 and 𝐹𝐹 are modelled as in a conventional fed-batch fermentation 
process. The dissolved oxygen, on the other hand, is modelled with two ordinary differential 
equations (Equations 22 and 24). The difference between the two dissolved oxygen profiles 
𝐷𝐷𝑂𝑂𝑇𝑇𝑎𝑎 and  𝐷𝐷𝑂𝑂𝑇𝑇 is due to the response lag of the sensor, which is approximated by first order 
response kinetics for the DO-probe [25]. 
 
The general form of the governing mass balance is expressed as follows, 
 
𝑒𝑒𝑥𝑥
𝑒𝑒𝑑𝑑
= 𝐹𝐹
𝑉𝑉
(𝑥𝑥𝑖𝑖 − 𝑥𝑥) + 𝑉𝑉𝑋𝑋         (11)  
  
where 𝑥𝑥 ∈ {𝑋𝑋, 𝑆𝑆,𝐴𝐴} represents the state variable in [g/l] and the subscript 𝑖𝑖 represents the inlet 
concentration, 𝐹𝐹 the feed, 𝑉𝑉 the volume and r is the corresponding specific rate. Considering 
that inlet concentration of biomass is zero (sterile feed), we obtain the following expression for 
biomass balance in the fed-batch case: 
𝑒𝑒𝑑𝑑
𝑒𝑒𝑑𝑑
= 𝐹𝐹
𝑉𝑉
(0 − 𝑋𝑋) + 𝜇𝜇𝑋𝑋         (12) 
   
In equation 12, X represents the concentration (cell dry weight) of cells and 𝜇𝜇 (h-1) is the non-
inhibited Monod-type specific growth rate, given as 
 
𝜇𝜇 = (𝑞𝑞𝑠𝑠𝑜𝑜𝑥𝑥 − 𝑞𝑞𝑚𝑚)𝑌𝑌𝑒𝑒𝑚𝑚 + 𝑞𝑞𝑠𝑠𝑜𝑜𝑂𝑂𝑌𝑌𝑥𝑥𝑠𝑠𝑜𝑜𝑂𝑂 + 𝑞𝑞𝑠𝑠𝑠𝑠𝑌𝑌𝑥𝑥𝑎𝑎    (13) 
 
where 𝑞𝑞𝑠𝑠𝑜𝑜𝑥𝑥, 𝑞𝑞𝑠𝑠𝑜𝑜𝑂𝑂, 𝑞𝑞𝑠𝑠𝑠𝑠, represent the uptake rates of substrate for oxidation, substrate 
metabolized through the overflow route and acetate respectively, the constants 𝑌𝑌… define the 
respective yield coefficients, whereas 𝑞𝑞𝑚𝑚 represents the glucose expended for cell 
maintenance. Thus, according to Equation 13, the overall growth of the culture results from 
usage of glucose through the oxidative (qsox), acetate uptake (qSA) and re-use of other products 
from the overflow route (qsof), which all contribute energy equivalents for cell growth [14]. 
The mass balance for substrate (glucose) in the fed-batch process is given as 
𝑒𝑒𝑑𝑑
𝑒𝑒𝑑𝑑
= 𝐹𝐹
𝑉𝑉
(𝑆𝑆𝑖𝑖 − 𝑆𝑆) − 𝑞𝑞𝑠𝑠𝑋𝑋      (14) 
 
The substrate concentration 𝑆𝑆 is modelled taking acetate inhibition into account, as reviewed 
by Shiloach and Fass [26]. The specific substrate uptake rate is therefore modelled with 
Mono-type kinetics with non-competitive inhibition: 
 
𝑞𝑞𝑠𝑠 = 𝑞𝑞𝑠𝑠𝑠𝑠𝑠𝑠𝑥𝑥
1+
𝐴𝐴
𝐾𝐾𝑖𝑖𝑠𝑠
∙
𝑑𝑑
𝑑𝑑+𝐾𝐾𝑠𝑠
      (15)  
 
where 𝐾𝐾𝑖𝑖𝑎𝑎 and 𝐾𝐾𝑠𝑠 are the acetate inhibition and the substrate affinity constants respectively. 
Not all the substrate consumed is metabolized in the TCA cycle (𝑞𝑞𝑠𝑠𝑜𝑜𝑥𝑥), but a portion goes to 
the overflow path 𝑞𝑞𝑠𝑠𝑜𝑜𝑂𝑂. 
 
𝑞𝑞𝑠𝑠𝑜𝑜𝑥𝑥 = �𝑞𝑞𝑠𝑠 − 𝑞𝑞𝑠𝑠𝑜𝑜𝑂𝑂� ∙ 𝐷𝐷𝑂𝑂𝑇𝑇𝐷𝐷𝑂𝑂𝑇𝑇+𝐾𝐾𝑜𝑜      (16) 
 
𝑞𝑞𝑠𝑠𝑜𝑜𝑂𝑂 = 𝑃𝑃𝐴𝐴𝑠𝑠𝑠𝑠𝑥𝑥𝑞𝑞𝑠𝑠𝑞𝑞𝑠𝑠+𝐾𝐾𝑠𝑠𝑝𝑝       (17) 
 
where 𝐾𝐾𝑜𝑜 is a dimensionless constant set to 0.1 to increase the stability of the numeric 
simulation, 𝑃𝑃𝑠𝑠𝑚𝑚𝑎𝑎𝑥𝑥 and 𝐾𝐾𝑎𝑎𝑎𝑎 are the maximum acetate production and the production affinity 
constants. Acetate production/consumption is a cyclic process and considering no addition of 
acetate in the feed, the mass balance yields 
𝑒𝑒𝑠𝑠
𝑒𝑒𝑑𝑑
= 𝐹𝐹
𝑉𝑉
(0 − 𝐴𝐴) + 𝑞𝑞𝑠𝑠𝑠𝑠𝑋𝑋        (18) 
The equilibrium 𝑞𝑞𝑠𝑠𝑠𝑠 = 0 is reached when the acetate produced through the overflow route 𝑝𝑝𝑠𝑠 
is equal to the acetate consumed 𝑞𝑞𝑠𝑠𝑠𝑠. 
𝑞𝑞𝑠𝑠 = 𝑝𝑝𝑠𝑠 − 𝑞𝑞𝑠𝑠𝑠𝑠      (19) 
with     
𝑝𝑝𝑠𝑠 = 𝑞𝑞𝑠𝑠𝑜𝑜𝑂𝑂𝑌𝑌𝑎𝑎𝑠𝑠       (20) 
where 𝑌𝑌𝑎𝑎𝑠𝑠 is the gram of acetate per gram of substrate consumed through the overflow route. 
The specific acetate consumption rate is modelled as  
𝑞𝑞𝑠𝑠𝑠𝑠 = 𝑞𝑞𝐴𝐴𝑠𝑠𝑠𝑠𝑥𝑥1+ 𝑞𝑞𝑠𝑠
𝐾𝐾𝑖𝑖𝑠𝑠
∙
𝑠𝑠
𝑠𝑠+𝐾𝐾𝑠𝑠𝑠𝑠
      (21) 
 
were 𝑞𝑞𝑠𝑠𝑚𝑚𝑎𝑎𝑥𝑥, 𝐾𝐾𝑖𝑖𝑠𝑠, and 𝐾𝐾𝑠𝑠𝑎𝑎 are constant parameters representing the maximum acetate uptake 
rate, the acetate uptake inhibition, and acetate affinity constant. The uptake of acetate, however, 
is inhibited in a non-competitive way by the presence of glucose in the medium due to E. coli’s 
higher preference for glucose over acetate [27]. Thus, glucose and acetate exhibit a counter 
inhibition effect on their respective uptake capacities, as presented in Equations 15 and 21. 
Finally, the actual dissolved oxygen (DOTa) is calculated in % of saturation with the 
assumption that the feed solution in the fed-batch phase is fully saturated with dissolved 
oxygen. The oxygen profile is described with the standard equation 
    
𝑒𝑒𝐷𝐷𝑂𝑂𝑇𝑇𝑠𝑠
𝑒𝑒𝑑𝑑
= 𝐾𝐾𝐿𝐿𝑎𝑎(𝐷𝐷𝑂𝑂𝑇𝑇∗ − 𝐷𝐷𝑂𝑂𝑇𝑇𝑎𝑎) − 𝑞𝑞𝑜𝑜𝑋𝑋𝑋𝑋     (22) 
 
with 𝐷𝐷𝑂𝑂𝑇𝑇∗ being the saturation value of dissolved oxygen in the medium,  𝐾𝐾𝐿𝐿𝑎𝑎 the volumetric 
mass transfer coefficient, 𝑋𝑋 the Henry equilibrium constant, and 𝑞𝑞𝑜𝑜 the oxygen uptake rate 
described by 
 𝑞𝑞𝑜𝑜 = (𝑞𝑞𝑠𝑠𝑜𝑜𝑥𝑥 − 𝑞𝑞𝑚𝑚)𝑌𝑌𝑜𝑜𝑠𝑠 + 𝑞𝑞𝑠𝑠𝑠𝑠𝑌𝑌𝑜𝑜𝑎𝑎    (23) 
 
where 𝑌𝑌𝑜𝑜𝑠𝑠, 𝑌𝑌𝑜𝑜𝑎𝑎 are the yield coefficients for substrate and acetate to oxygen consumption 
respectively. With the probe response, the measured DOT is modelled as:  
 
𝑒𝑒𝐷𝐷𝑂𝑂𝑇𝑇
𝑒𝑒𝑑𝑑
= 𝐾𝐾𝑎𝑎(𝐷𝐷𝑂𝑂𝑇𝑇𝑎𝑎 − 𝐷𝐷𝑂𝑂𝑇𝑇)       (24) 
 
were 𝐾𝐾𝑎𝑎 = 1𝜏𝜏 is the static gain of the sensor given as the inverse of the probe response time, τ. 
This is important when dealing with pulses in the system and situations where fast changes in 
the system are expected. In an experimental set-up, τ is measured as the time required to reach 
63.2% of the final response after a step change in the DOT profile [28]. At the calculated qO 
values for the current E. coli strain, when the probe response time is greater than 8 seconds, it 
is important to include it in the dynamics of the oxygen profile. 
 
4.0 Results and Discussion 
 
Acetate accumulation remains one of the biggest challenges in recombinant protein production 
using the E. coli expression system. In the past, the inclusion of acetate profiles in mechanistic 
models of E. coli meant that the system became inherently discontinuous because acetate was 
thought to be produced only during certain specific growth regimes in E. coli cultivation. This 
property of the system inhibited further mathematical development, especially in the fields of 
control theory and model-based optimization. In the current paper, we have explored the 
possibility of developing continuous differential equations for acetate production based on the 
concept of acetate cycling. The data to validate the new set of continuous equations describing 
acetate production in E. coli was obtained from a fed-batch cultivation of non-recombinant E. 
coli W3110M. The cultivation was done to cover all possible growth regimes in E. coli [29], 
to study the kinetics of acetate production and its consumption. From an excess substrate 
(glucose) environment in the batch phase to chronic starvation conditions at the end, the acetate 
profile evolved according to predictable kinetics (Figure 2). A maximum specific growth rate 
(µmax) of 0.31 h-1 was recorded during the batch phase, in the presence of excess glucose. 
Growth at µmax was associated with a steady increase in extracellular acetate concentration. In 
the exponential feed fed-batch phase, acetate concentration increased further to a maximum of 
0.3 g/L due to the higher µset value (0.22 h-1), which corresponds to a specific substrate uptake 
rate higher than that which would allow fully oxidative growth. 
 
 
Figure 2 Comparison of E. coli model with experimental data from fed-batch cultivation of 
wild type E. coli W3110. A = start of exponential feed fed-batch phase at µset = 0.25 h-1 B = 
start of constant feed fed-batch phase, C = change in KLa, D = glucose pulses.  
 
This µset was about 75% of µmax and was higher than the threshold for the acetate switch at the 
given µmax [1,30].  During the constant feed phase the specific growth rate decreased to values 
below 0.05 h-1, when the glucose supply fell to values below 0.1 gglu gx-1 h-1 (Figure 3). In the 
constant, slow feeding phase, acetate consumption was greater than its production, which 
represented a shift in the cycling equilibrium that favoured the consumption of extracellular 
acetate (point B, Figure 2). The profiles of all measurable state variables (X, S, A, DOT) in the 
model are plotted in Figure 2, with the corresponding model predictions after parameter 
estimation. There was an adequate fit between the model and the experimental data. The 
estimated model parameters based on the experimental data are given in Table1 together with 
the uncertainty in the estimated parameter values calculated from the Monte Carlo method. 
From the measure of the relative standard deviation, it is apparent that the PE gave unique 
parameter values that describe the E. coli system under the given experimental conditions. 
Twelve (12) out of the sixteen (16) parameters had a 𝜎𝜎𝜃𝜃values less than 10%. Although some 
of the parameters directly related to acetate cycling had somewhat higher 𝜎𝜎𝜃𝜃 values, the acetate 
profile in the cultivation was sufficiently described by the model.   
 
Table 1. Summary of results of parameter estimation and quantification of the uncertainty 
associated with the parameter estimators. LB—lower bound, UB—upper bounds, CI—95% 
confidence interval. 
 
Parameter + Units Initial guess 
(literature)* 
Estimate PE uncertainty quantification 
 % 𝝈𝝈𝜽𝜽 LB-CI UB-CI 
Kap g L-1 0.10 0.5052 15.2 0.3539 0.6565 
Ksa g L-1 0.05 0.0134 22.0 0.0076 0.0192 
Ko g L-1 10.0 0.0001 0.0 0.0001 0.0001 
Ks g L-1 0.05 0.0370 8.9 0.0305 0.0435 
Kia g L-1 5.00 1.2399 9.6 1.0062 1.4737 
Kis g L-1 10.0 2.1231 27.3 0.9788 3.2673 
pAmax g g-1 h-1 0.17 0.2268 6.5 0.1977 0.2558 
qAmax g g-1 h-1 0.15 0.1148 6.1 0.1009 0.1287 
qm g g-1 h-1 0.04 0.0129 7.0 0.0111 0.0147 
qSmax g g-1 h-1 1.37 0.6356 0.3 0.6320 0.6392 
Yas g g-1 0.80 0.9097 4.5 0.8283 0.9911 
Yoa g g-1 1.06 0.5440 9.5 0.4425 0.6455 
Yxa g g-1 0.70 0.5718 9.9 0.4604 0.6833 
Yem g g-1 0.50 0.5333 2.4 0.5085 0.5580 
Yos g g-1 1.06 1.5620 5.4 1.3941 1.7298 
Yxsof g g-1 0.15 0.2268 12.0 0.1730 0.2807 
+ Parameter descriptions in nomenclature. * References: [4,5,8,16] 
 
4.1 Dynamic acetate production and consumption rates 
The estimation of model parameters was used to identify parameter values (Table 1) to fully 
describe the E. coli system. Therefore, the partitioning of the carbon source (Figure 3B), the 
rate of acetate cycling and other specific rates along the different phases of the cultivation could 
be dynamically simulated from the estimated parameter values (Figure 3A). The simulated 
profiles and the model fit (Figure 2) reveal a rapid response of E. coli to acetate production/re-
consumption after each glucose pulse.  
 
 
 
Figure 3 Simulated specific rates of the major variables of the (A) acetate cycling pathways 
and (B) overall glucose partitioning during the cultivation of E. coli, with dynamic response to 
intermittent glucose pulses. Negative acetate excretion rates imply that extracellular acetate is 
taken up by the cell. A = end of batch phase, B = end of exponential feed, start of constant feed, 
C = change in KLa, D = glucose pulses. 
The absence of a diauxic delay during the consumption of acetate after each pulse and after the 
shift to a lower µ (0.11 h-1) suggests that acetate is continuously being re-assimilated in the 
background alongside glucose [31–33], which further confirms the acetate cycling concept in 
E. coli. Due to the lack of an active transport mechanism for acetate across the cell membrane 
in E. coli [34,35] (unlike glucose which uses the PTS system), qA also incorporates the net 
acetate influx by facilitated transport across the cell membrane by various permease proteins, 
such as those encoded by the genes yaaH [36] and yjcG [37]. Re-assimilation of acetate results 
in lower intracellular acetate concentrations, which alters the membrane gradients and forces 
extracellular acetate into the cell by facilitated transmembrane balance. In effect, when 
intracellular acetate production through POXB (Figure 1) is non-functional (e.g. when qs = 0), 
pA is derived from extracellular acetate by this principle of transmembrane balance. The 
inhibition of extracellular acetate uptake by glucose is evidenced by the sharply rising profile 
of qSA in response to the depletion of glucose during the batch phase (Figure 3). The delicate 
equilibrium in the acetate cycling pathways is shown in the 3D plot in Figure 4, which was 
generated by solving the set of algebraic equations at constant biomass concentration (X = 1.3 
g/L) and DOT (65%) and variable glucose and acetate concentrations. This corresponds to 
about 9 hours in the batch phase. The point labelled T in Figure 4 represents pure oxidative 
growth. As the residual glucose concentration increases, the metabolism gradually shifts 
towards the equilibrium line, until pA>qsA where acetate excretion begins. At this point, the 
total overflow flux that leads to extracellular acetate accumulation is proportional to the area 
enclosed by the envelope QRS and the equilibrium line. Thus, at any given glucose 
concentration, the overflow flux, and consequently, the excreted acetate concentration can be 
estimated from the algebraic relations. The Monod-type dependence of the specific acetate 
uptake rate on the residual acetate concentration as well as the minimal acetate production at 
low glucose concentrations are also shown in Figure 4. The formulation is an advanced version 
of a similar representation of overflow metabolism  in Saccharomyces cerevisiae, as presented 
by Pham and co-workers [14]. This formulation of acetate profiles and overflow metabolism 
is closer to reality since E. coli does not have clear cut switching points in its metabolic routes 
on the onset of overflow, but rather slow or gradual switching systems from oxidative to 
overflow metabolism [38,39].  
 
 
Figure 4 Dependence of overflow metabolism on residual glucose and acetate concentrations, 
showing the dynamic equilibrium between intracellular acetate production and re-assimilation 
at varying glucose concentrations in the medium.   
 
5.0 Conclusions 
Model-based process development and optimization is becoming state-of-the-art in the 
biotechnology industry. Therefore, the mathematical functions used to describe fermentation 
systems should have the appropriate properties to enable their application in this fast-growing 
field. We have used the concept of acetate cycling to derive a set of continuously differentiable 
and tractable equations to describe acetate accumulation in cultivations of E. coli. By fitting 
this model to experimental data, we show that the new set of equations sufficiently describe 
growth profiles in E. coli, as well as the acetate production and re-assimilation rates. Due to its 
continuous characteristics, this model is suitable for simulations that require higher order 
gradient calculation such as Computational Fluid Dynamics (CFD) models, as well as in 
complex optimization problems involving the E. coli expression system. 
 
 
Nomenclature 
C   Carbon content of (s) substrate, (x) biomass 
DOT  dissolved oxygen tension. DOT* represents saturating value of DOT in the 
broth at the given operating conditions. 
F   Flow rate (L/h) 
Kap      Monod-type saturation constant, intracellular acetate production 
Ksa       affinity constant, acetate consumption (g/L) 
Ko        affinity constant, oxygen consumption (g./L) 
Ks        affinity constant, substrate consumption (g./L) 
Kia       inhibition constant, inhibition of glucose uptake by acetate 
Kis       inhibition constant, inhibition of acetate uptake by glucose(g/L) 
pA     specific acetate production rate (g/(g.h)) 
qA     specific acetate consumption rate (g/(g.h))  
qm        specific maintenance coefficient (g/(g.h)) 
qS   max spec glucose uptake rate (g/(g.h)) 
Y      yield coefficient (g/g) 
Yxsof  yield of biomass on substrate from auxiliary overflow routes, such as the mixed 
acid and pentose-phosphate pathways. 
µ specific growth rate (h-1) 
τ  dissolved oxygen probe response time (h) 
 
 
Subscripts 
 
A acetate 
an anabolic 
c consumption 
en energetic 
glu  glucose 
i inlet concentration 
m maintenance 
max  maximum  
O oxygen 
of overflow 
ox  oxidative 
S substrate (glucose) 
X biomass 
em  excluding maintenance 
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